Many thanks to Nick Flores for his detailed suggestions and critiques. His help went far beyond the call of duty, and contributed greatly to the quality of our research. The comments of two anonymous reviewers also were also of much help.
1
Our purpose is to present in detail numerical methods of measuring the value of nonmarket goods using market data, under either weak neutrality, weak complementarity, or any other preference restriction meeting the requirements discussed in this paper. It has been claimed in a number of places in the literature that numerical methods cannot be used to measure the value of nonmarket goods unless the very restrictive Willig conditions are satisfied. We show that this claim is mistaken, and that numerical methods can be used whether or not the Willig conditions are satisfied. Our numerical methods are more flexible than the existing analytical method because ours can be used with any Marshallian demand system.
Using Line Integration to Measure with Market Data the Value of a Change in a Nonmarket Good

A Generalization of Earlier Measures: Total Value in Terms of a Line Integral
Following Neill (1986, 1988, 1991, 1995) , LaFrance and Hanneman, and Larson (1991, 1992b) , let p = (p 1 , . . . , p n-1 ), represent the prices of market goods x 1 , . . . , x n-1 . Let all other market goods be represented by a composite commodity, x n , with unit price. Let z be a parameter describing (the quantity or quality of) some nonmarket good. The amount of z consumed is not chosen or bought by the consumer but rather is given to the consumer exogenously. Let a representative utility-maximizing consumer with income y have Marshallian demands x(p, z, y) = (x 1 (p, z, y), . . . , x n-1 (p, z, y)) for the non- Given that prices and income remain constant at p 0 and y 0 , the total value of this change (in terms of compensating variation) to the individual is
The challenge to the applied economist is to measure (1) using the information available from the estimate of the demand system x(p, z, y).
Assume that m(p, z, u 0 ) has piecewise continuous first partial derivatives of p and z. Then the following can be established from line integral theory (Kaplan, p. 293 ) and Shephard's lemma:
where L is a path of integration in (p, z)-space from point (p While the line integral framework of (2) (2) is arbitrary, we can break it into three arbitrary subpaths S 1 , S 2 , S 3 that join to form path L, and write,
The chief difficulty in finding total value from (3) lies in dealing with the B 2 term.
Numerical Approach
Difficulties in the application of the concepts of weak neutrality and weak complementarity remain. Thus far in the literature, the concepts have been applied to models with very particular functional forms for demand-forms that enable analytical integration from a Marshallian demand function back to a quasi-expenditure function.
Since these few functional forms do not always best fit studies' empirical estimation of demands, there is a need for the development of another, more flexible method of using the assumptions of weak complementarity, weak neutrality. Our discussion in the previous section lays the foundation for the remainder of the paper, in which we present a numerical method of measuring the value of nonmarket goods using market data, under weak neutrality, weak complementarity, and other conditions. The numerical method can be implemented with any system of Marshallian demand functions.
Earlier Suggestions about Using, and the Impossibility of Using, a Numerical Approach
Both Larson (1992b) and Flores suggested applying Vartia's numerical method to approximate the value of nonmarket goods using market data. Larson (1992b, pp. 108-109) developed an expression (his equation (6)) for the value of changes in z in terms of Marshallian demand parameters for a good that is Hicks neutral to the nonmarket good. 2 Larson briefly suggested that numerical techniques similar to those of Vartia could be used to approximate his equation (6).
Flores pursued Larson's idea by providing three iterative equations based on
Vartia's three algorithms to approximate Larson's equation (6) . But the numerical analysis was not the central focus of Flores's analysis, and his brief discussion is subject to some important limitations. The key obstacle in implementing a numerical algorithm is that the integral in it cannot be approximated by direct application of Vartia's algorithm.
3 Below we follow up on Flores's interesting line of inquiry, presenting an applicable method for calculating the value of changes in the nonmarket good under weak complementarity or weak neutrality. Bockstael and McConnell (1993) In the following, we will show that under weak complementarity or weak neutrality, Vartia-type numerical techniques indeed can be used to obtain exact measures of the welfare effects of a change in a non-market good from knowledge of the Marshallian demand system of the market goods. Our numerical methods can be applied whether or not the Willig conditions are met. The implications of our findings are that in the general case inexact welfare measures, such as those discussed in Bockstael and McConnell, Palmquist, and Smith and Banzhaf (2004) need not be derived, since exact measures can be calculated from the same information.
Numerical Calculation of the Value of a Change in a Non-market Good
Our approaches extend Vartia's algorithm to the problem of measuring the value of nonmarket goods using Marshallian demand parameters. Our procedures measure the value of changes in the nonmarket good under the conventional restrictions on preferences, weak complementarity and weak neutrality along the choke-price subpath.
Our approaches are based on the line integral framework of equation (2), and under weak complementarity can be used with any well-defined system of Marshallian demand functions, whether or not it can be analytically integrated back to obtain an explicit expenditure function, and whether or not the Willig conditions are satisfied.
Procedure 1
We have already shown that under weak complementarity along S choke , nonuse value is zero, and therefore the use value of the change in z is equal to total value of the change in z: UV(z 0 , z 1 ) = TV(z 0 , z 1 ) = D 1 + D 3 , as defined in (3). We illustrate for the case of n -1 = 1 market good that is not the numeraire. Then (3) implies
The second integral on the right-hand side of (4) (5), which implicitly defines compensating variation for a change in the non-market good from z 0 to z 1 , must hold:
Because the algorithm to numerically calculate the first integral on the right-hand side of (4) Next we provide an example of Procedure 1. We use the same model used by . This model assumes a specific type of Stone-Geary utility function in its logarithmic form: u(x 1 , x 2 , z) = z ln(x 1 +1) + ln(x 2 ), where x 1 is the nonnumeraire market good, x 2 is the numeraire (composite) market good, and z is the non- From the expenditure function, Palmquist calculates directly the compensating variation for a change in quality from z 0 = 5 to z 0 = 6 to be 3.0015, and the equivalent variation to be 4.9528. Under weak neutrality, the updated nonuse value is approximated using a trapezoidal approximation over z 0 to z 0 + ∆z (lines 36-48). If weak complementarity is assumed, these calculations are skipped and nonuse value remains at zero.
The estimates of use value and nonuse value are used to adjust the income level for the third and subsequent iterations of z. As shown in Figure 2 , the third Hicksian demand curve is traced upward using the inner loop process from the point x(p 
Conclusions
We have shown that in measuring the value of changes in a nonmarket good using market data, line integration techniques can provide several advantages over the more traditional use of definite integrals. We present a numerical method of measuring the value of a change in a nonmarket good. Unlike the analytical approach, which is limited to demand functions that can be integrated back to their quasi-expenditure functions, our numerical approach can be used with any well-defined system of Marshallian demand functions.
We show that numerical methods may be useful even when the Hicksian choke price is infinite. We explore the possibility of extending the numerical approach to a multiplegood system. The flexibility, simplicity, and relative accuracy of this approach may make it a useful tool in applied research into the value of nonmarket goods.
Finally, a word needs to be said about the statistical implications of applying either of the weak complementarity or weak neutrality assumptions to actual data. If it is assumed that the arbitrary subpath S 2 in (4) is the choke-price subpath S choke , then much of what needs to be known may be subject to large statistical error bounds. That is, data do not usually contain price and quantity observations that occur near choke prices, and so estimations of choke prices will often be far "out of sample." Thus, the standard errors of the estimates of choke prices will be large, and this may adversely affect the size of the statistical errors of the measurements of total value of a change in the nonmarket good. If shown more general conditions under which the value of a change in a nonmarket good can be measured using market data. Better understanding of the more general conditions should lead to better applied research. Still, for many practical applications, these conditions, though more general, remain quite restrictive. ) without knowing the amount of money which would compensate the consumer for the change in z, which is, of course, the objective of the whole exercise. This is the same point made by Bockstael and McConnell ( p. 1254) , and repeated by Palmquist (p. 104) . 4 The computer program could be adapted for other subpaths of integration.
5 Here we assume weak complementarity, which implies nonuse value is zero. Under weak neutrality, we begin the inner loop process from the point x(p 0 , z 0 + 2∆z, y 0 -UV 1 -NUV 1 ).
